DILATIONS OF INTERACTION GROUPS THAT EXTEND 
ACTIONS OF ORE SEMIGROUPS 



FERNANDO ABADIE 

Abstract. We show that every interaction group extending an action 
of an Ore semigroup by injective unital endomorphisms of a C*-algebra, 
admits a dilation to an action of the corresponding enveloping group 
on another unital C*-algebra, of which the former is a C*-subalgebra: 
the interaction group is obtained by composing the action with a condi- 
tional expectation. The dilation is essentially unique if a certain natural 
condition of minimality is imposed. If the action is induced by covering 
maps on the spectrum, then the expectation is faithful. 



1. Introduction and preliminaries 

The notions of interaction groups and their crossed products have been 
introduced and studied by Exel in [9], with the aim of dealing with irre- 
versible dynamical systems. The mentioned paper emerges as a culmination 
of previous work in the subject appeared in [6], [8], [7J, [TT]. Related work 
may be found as well in [13], [3], [2], [5]. 

Recently, Exel and Renault studied in [TO] a family of interaction groups 
that extend actions of some semigroups on unital commutative C*-algebras. 

Suppose that X is a compact Hausdorff space and : X — > X is a covering 
map. For A = C(X), let a : A — > A be the dual map of 9, i.e.: a(a) = ao6, 
which is a unital injective endomorphism of A. In case there exists a transfer 
operator ([6]) for a, that is, a positive linear map C : A —¥ A such that 
C{a{a)b) = aC(b), Va, b £ A, then V : Z -> B(A) (here B(A) is the algebra of 

f a n n > 

bounded operators from A into itself) given by V n = < is called 

I C n n < 

an interaction group (Definition II. ip . This interaction group is clearly an 
extension of the action a : N x A — >• A given by (n, a) t-> a n (a). Conversely, 
it can be shown that if W : Z — > B(A) is an interaction group that extends 
a, then W-\ is a transfer operator for a, and W is retrieved from a and 
W-i from the construction above. That is: interaction groups that extend 
a are in a natural bijection with transfer operators for a. In the same way, 
interaction groups that extend the action of an Ore semigroup correspond to 
semigroups of transfer operators corresponding to the endomorphisms of the 
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action. In the case of actions on commutative algebras the work in |10j shows 
that one can replace transfer operators by cocycles (see Definition I3.9P . We 
will show later that an interaction group as the one above can be written as 
the composition of an action f3 with a conditional expectation F: V n = Ff3 n , 
Vn € Z, a decomposition that reflects the combination of the deterministic 
and probabilistic elements included in the concept of interaction group. 

On the other hand, it seems that interaction groups are closely related 
with partial actions. Propositions 11.31 and 11.71 below are instances of this 
relation. Moreover, under certain conditions one may construct interaction 
groups from actions of groups and conditional expectations, in a way that 
resembles the construction of partial actions by the restriction of global ones. 
In fact, suppose that A is a C*-subalgebra of the unital C*-algebra B, F : 
B — > B is a conditional expectation with range A, and (3 : G x B — > B is an 
action of a group G on B. Let Ft : B — > B be given by Ft := /3tF/3 t -i ■ Then 
Ft is a conditional expectation onto Pt(A), Vi G G. It is not hard to prove 
that if FF t = F t F, Vt G G, then V : G -> B(A) such that V t (a) = F((3 t (a)), 
Va € A, t G G is an interaction group (provided F(f3t(lA)) = 1a> Vi G G, 
see 11.21 below). 

With the same spirit of the work done in |TJ , although with different meth- 
ods, we show in the present paper that any interaction group that extends an 
action of an Ore semigroup by unital injective endomorphisms (for instance 
those studied in [10]) is of this form, that is, it can be obtained by compos- 
ing an action with a conditional expectation. The existence of the action 
is due to Laca's Theorem (see [12] and Theorem 12.21 below) on the dilation 
of actions of Ore semigroups. The conditional expectation is constructed as 
the limit of the directed system of transfer operators corresponding to the 
endomorphisms of the Ore semigroup action. 

The structure of the present paper is the following. In the rest of this 
section we study some relations between interaction groups and partial ac- 
tions and we introduce the notion of dilation of an interaction group. In the 
next section we prove our main result, Theorem 12.41 an d in the final one we 
see how this theorem applies, with a refinement, to the interaction groups 
studied by Exel and Renault in [TO] , 

1.1. Interaction groups. We show here how to get interaction groups from 
suitable pairs of actions and conditional expectations. Recall that a par- 
tial representation of a group G on a Banach space A is a map V : G — > 
B(A), the Banach algebra of bounded linear operators on A, such that 



< V s -iV s V t = V s -iV st Vs,teG 
V s V t V t -i=V st V t -x Vs,t£G 

Definition 1.1. An interaction group is a triple (A, G, V) where A is a 
unital C*-algebra, G is a group, and V is a map from G into B(A), which 





satisfies: 
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(1) Vt is a positive unital map, Vt G G. 

(2) V is a partial representation. 

(3) V t (ab) = V t (a)V t (b) if either a or 5 belongs to V t -i(A). 

If the group G is understood we will put just (A, V) (or even V if ^4 is un- 
derstood as well) instead of (A, G, V). A morphism (A, G, V) % (A', G, V) 
is a unital homomorphism of C*-algebras ip : A — >■ A' such that ipVt = V^ip, 
Vt G G. 

It will be useful for our purposes to consider the following couple of cat- 
egories, Tg and T>g associated to a group G. The objects of Tg are triples 
T = (B,f3,F), where (3 is an action of the group G on the unital C*- 
algebra B, and F : B —¥ B is a conditional expectation, that is, a norm 
one idempotent whose range is a C*-subalgebra of B. Recall that a condi- 
tional expectation F is a positive F(i?)-bimodule map. If T = (B,j3,F), 
T' = (B', f3', F') G Tg, by a morphism : T — > T' we mean a unital homo- 
morphism of C*-algebras cf> : B B' such that cf)F = F'<f> and 0/?t = /3[<f>, 
Vt € G. The category T>g is the full subcategory of Tg whose objects 
(B,(3,F) satisfy the following two conditions: a) F/3 t F(i) = F(l), Vt G G, 
and b) F r F s = F s F r , Vr, s G G, where F r = /3 r F/3 r -i, Vr G G. Note that 
-F(l) is the unit of F(B), and that F r is a conditional expectation with range 

Pr(F(B)). 

Proposition 1.2. Let T = (B,j3,F) G Tg, and A := F(B). If FF t = F t F , 
Vt G G, then: 

(1) F r F s = F s F r , Vr, s G G, and F r F s is a conditional expectation with 
range f3 r (A) n P S (A). 

(2) If V t := Ff3 t \ A , Vt G G, then the map V : G -> B(A) ffiuen 6y 
t ^ Vt is a partial representation and satisfies condition 3. of \l.l\ 
Moreover the range ofVt is A D Pt{A), Vt G G. 

f5j // V is the map defined in{^ then V is an interaction group if and 
only if F(J3t(lji)) = 1a for every t G G. That is: V is an interaction 
group if and only ifTG T>g ■ 

Proof. We have 

P r Fp r -iP s Fp s -x = p s F s -i r F/3 s -i = p s FF s -i r P s -i = /3 s F/3 s -i/3 r F/3 r _i/3 s /Vi 

That is, F r F s = F s F r , and therefore F r F s is a conditional expectation with 
range F r {B) C\F S (B). On the other hand F r (B) = j3 r Ff3 r -\{B) = (3 r F(B) = 
P r (A). Hence F r F s (B) = f3 r (A) n P S (A). 
As for 2., V is a partial representation: 



V s -iV s V t = FF s -iFp t = FF s -iP t = V s -iV st , 
V s VtV t -i = F(3 st F t -iF(3 t -i \a = V st Ff3 t ^Id A = V st V t -i. 
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If x G A and a = V t -i (x), b G B, then: 



V t (ab) = V t (V t -i(x)b) = F(F t (x)/3 t (b)) = F(F t F(x)f3 t {b)) 
= F(FF t (x)p t (b)) = FF t (x)F(Mb)) = V t V t -i(x)V t (b) = V t (a)V t (b). 



Since Vt{ba) = Vt(a*b*)* , we have shown that V satisfies condition 3. of 11.11 
On the other hand, V t {A) = F(3 t (A) = FF t (f3 t (A)) =inft(i), because 
FF t is a conditional expectation with range A n f3t(A) C f3 t (A). 

Now, if V is an interaction group, then Fj3t(~\-A) = 14(1a) = 1a, Vi € G. 
Conversely, if F/?t(l>i) = 1^ Vi E G, then Vf is a positive unital map. In 
addition V e = Fj3 e \A = Fid a = ^«a; hence V is an interaction group. □ 

1.2. The partial action of an interaction group. We will see now that 
every interaction group has naturally associated a partial action of the group 
on the same algebra. Recall that a partial action of a discrete group G on a 
set .AT is a pair ({Xt}teG, {lt\t&G) where, for every t E G, X t is a subset of 
X, 7 t : Xfc-i -A X* is a bijection, and 7.^ extends 7 s 7t, Vs,i G G. It is also 
assumed that 7 e = idx- When AT is a G*-algebra, it is usually supposed 
that Xt is an ideal and that 74 is an isomorphism of G*-algebras. So we 
warn the reader that for the partial actions we consider in this paper the 
sets Xt will be unital G*-subalgebras. 

Proposition 1.3. Suppose that V : G — > B(A) is an interaction group. For 
t G G let At := Vt{A), and "ft ■ A t -\ —> At be such that 7t(a) = Vt(a). Then: 

(1) Every At is a unital C* -subalgebra of A (with the same unit), and 
7t is an isomorphism between A t -i and At, Vi G G. 

(2) The map Et : A — > A given by Et := VtV t -i is a conditional expecta- 
tion onto At, Vi G G ; and E r E s = E s E r , Vr, s G G. 

^ ITie pair 7 := ({At}teG, {lt}teG) * s a partial action of G on A. 

Proof. We already know by (9j 3.2] that At is a unital G*-subalgebra of A 



with unit \4(1a) = 1a, and that 74 is an isomorphism, Vi G G. Since V is 
a partial representation we have that j e = V e = Id. Suppose now that c 
belongs to the domain of 7s7(, that is, c G A t -\ is such that 74(c) G A s ~i. 
Then 7s7i (c) G A s and 7s74 (c) = V s V t {V t -^lt{c))) = V st (V t -i^t(c))) = 
V st (c) G A st . Then 7 s 7t(c) G A s f]A st , and we may apply 7 t -i a -i to 7 s 7t(c). 
Since V is a partial action we obtain: 

7t-i s -i7s7t(c) = Vt-ij.-iVi'^Cc) = V t -iV s -iV s j t {c) = 7t-i7*-i7«7t(c) = c, 

whence 7st(c) = 7s 74(c). This shows that 7 S i extends 7 s 7t, Vs,i G G, and 
therefore 7 is a partial action. □ 

Observe that if V is an interaction group of the type considered in 11.21 
then E r = FF t \a, and E r E s = FF t F s \a (with the notations of ll.2l and ll.3j) . 



DILATIONS OF INTERACTION GROUPS 



5 



The usual notion of partial actions of groups on C*-algebras requires 
that the domains of the partial automorphisms are ideals. In the commu- 
tative case, partial actions on a C*-algebra correspond exactly with partial 
actions on the spectrum of the algebra, where the domains of the partial 
homeomorphisms are open subsets of the spectrum ([2j Proposition 1.5]). 
Instead, partial actions on unital commutative C*-algebras as the ones con- 
sidered in 11.31 lead to a different notion of partial action on a topological 
space. In fact, let A = C(X) be a unital commutative C*-algebra, and let 
7 = ({^4*}, {"ft}) be a partial action of G on A, where each At is a unital 
subalgebra of A, with the same unit. Then the dual notion of the partial 
action 7 should be expressed in terms of the spectra of the subalgebras A t 
and the maps induced by 7 between them. Although we will not give here 
the exact conditions that such a collection of spaces and maps must satisfy, 
it is clear that the result is not a partial action in the usual sense, as the 
spectrum of A t is not a subspace but a quotient of X. 

1.3. Dilations of interaction groups. We introduce next the notion of 
dilation of an interaction group V, and we study its relation with the partial 
action associated with V. 

Definition 1.4. Let V : G — > B(A) be an interaction group. A dilation of V 
is a pair (i, T), where T = (B, /3,F) G Tg and i : A — > B is a homomorphism 
of C*-algebras such that iV t = F(3 t i, Vi G G. If B = spEn{/3 t i(a) : a G A, t G 
G}, we say that the dilation is minimal. The dilation is called faithful if so 
is F, and it is called admissible if T G T>g (recall that a positive map F is 
called faithful when 6/0 implies F(b*b) 7^ 0). 

Proposition 1.5. Let V : G — > B(A) be an interaction group, and suppose 
that (i,T) is a minimal dilation ofV, where T = (B,/3,F). Then we have 
F((FF t - F t F)(b)*(FF t - F t F)(b)) = 0, V6 G B. 

Proof. We must show that F/3 t F/3 t -i(b) - (3 t F (3 t -i F (b) belongs to the left 
ideal L F := {b G B : F(b*b) = 0} of B, V6 G B. Since B is the closed linear 
span of the set U sg G/3 s z(j4), it is enough to prove that Ff3 t Ff3 t -i(f3 s i(a)) — 
P t F^F{p s i{a)) G L F , that is, V t V t -i s (a) - P t V t -iV s (a) G L F , Vs G G, 
a G A. Since F is an yl-bimodule map which is the identity operator on 
A, and since F@t\A = Vti we have that the expression F ((V t V t ~i s (a) — 
PtV t -iV s (a))*(VtV t - ls (a)-p t V t -iV s (a))) is equalto^- la (a*)(^- la (a)- 
VtV t -iV s (a)) — VtV t -iV s (a*)(VtV t ~i s (a) — Vt V t -iV s (a)) , which is zero because 
V is a partial representation. □ 

Corollary 1.6. Any minimal and faithful dilation of an interaction group 
is admissible. 

Suppose that /3 is an action of G on the C*-algebra B, and that A is a 
C*-subalgebra of A. The restriction of /3 to A is the partial action (3\a '■= 
({A' t } tE G, Hhea), where A' t := An(3 t (A) and 7 £(a) := (3 t (a), Va G A^, 
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t G G. In case that the C*-algebra generated by {ft(a) : a G A, t G G} is 
all of 5, we say that j3 is an enveloping action for 7'. 

Proposition 1.7. Suppose that V : G — > P(^4) «s interaction group 
with dilation (i, (P,ft F)) ; where A is a C* -subalgebra of B and i : A B 
is the natural inclusion. Let 7 be the partial action of G on A given by 
Proposition \1.3l and let 7' := (3\a- Then A t 3 A' t := A n ft(^4) ar ^ 7t( a ) = 
7^(a), Vi G G, a G ^4/-i- dilation is admissible then 7 = ft^. In 

particular if the dilation is faithful then 7 is the restriction of (3 to A. 

Proof If a G A, then a G A' t _ x ft (a) G A ft (a) = Fft(a) ^=> 

ft (a) = F t (a). Then if a £ A' _! we have 7f(°) — Pt( a ) — G -^tj which 

shows that ^41 C and 7+ = VAai = 7tU' • On the other hand, if 

t- 1 t- 1 

F-Fj = Ff F, then if a G A| we have: 

a = V t V t -i(a) = FF t (a) = F t F(a) = ft(Pft-iP(a)) G A n ft(A) = 4, 

whence Af = A' t , and 7^ = 7^. The last two assertions follow from Proposi- 
tion [T3] and Corollary 11,61 □ 

Corollary 1.8. Suppose that V : G — > B{A) is an interaction group with 
admissible dilation (i, (B, ft F)), where i : A — > B is an embedding (i.e.: i 
is injective). Then the restriction of (3 to C := span{(3 t i(a) : t G G,a G ^4} 
is an enveloping action for the partial action 7 of G on A given by Propo- 
sition \1.3[ In particular, if the dilation is minimal then (3 is an enveloping 
action for 7. 



2. The dilation 

A cancelative monoid P is called an Ore semigroup if Pr n Ps 7^ 0, 
Vr, s G P. It follows by induction that P is an Ore semigroup if and only 
if P tl fl . . . n P tn ^ 0, Vti, . . . , t n G P. Then P is partially ordered by the 
relation r < s s G Pr (equivalently: r < s Pr D Ps), and it is 

even directed by that relation. 

Any cancelative abelian monoid P is an Ore semigroup. In fact, such 
a monoid embeds in its Grothendieck group G, and every element t G G 
can be written as t = v~ 1 u, with u,v G P. Therefore, if r, s G P, writing 
rs _1 = u~ 1 v, with u, w G P, gives t := ur = vs G Pr n Ps, so P is an 
Ore semigroup (and P 9 i > r, s). More generally, we have the following 
theorem |12l Theorem 1.1.2], which shows that there is a functor from the 
category of Ore semigroups into the category of groups: 

Theorem 2.1 (Ore, Dubreil). A semigroup P can be embedded in a group 
G with P _1 P = G if and only if it is an Ore semigroup. In this case the 
group G is determined up to canonical isomorphism and every semigroup 
homomorphism <f> from P into a group H extends uniquely to a group ho- 
momorphism ip : G — > H. 
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In case P is an Ore semigroup we say that the group G in 12.11 is the 
enveloping group of P. 

A key ingredient in our process of dilating the interaction groups under 
consideration is Laca's theorem [121 2.1.1]. For the convenience of the reader 
we recall it below: 

Theorem 2.2 (M. Laca, |12|). Assume P is an Ore semigroup with en- 
veloping group G = P~ 1 P and let a be an action of P by unital injective 
endomorphisms of a unital C* -algebra A. Then there exists a C* -dynamical 
system (B,G,{3), unique up to isomorphism, consisting of an action (3 of 
G by automorphisms of a C* -algebra B and an embedding i : A — > B such 
that: 

(1) f3 dilates a, that is, fit ° i = i ° ott, for t in P, and 

(2) (B,G,f3) is minimal, that is, IJteP /S^ -1 (i(^4)) is dense in B. 

Note that i is unital: 

(3 t -ii(a)i(l A ) = Pt-i(i(a)Pt(i(l A ))) = P t -x(i(aa t (l A ))) = *(o), Vt € P, 

so taking adjoints and recalling that {(3 t -i{i{a)) : t € P, a £ A} is dense in 
B, we see that i(l A ) = Lb- 

From now on G will denote the enveloping group of the Ore semigroup 

P. 

Lemma 2.3. Let a be an action of the Ore semigroup P by unital injective 
endomorphisms of the unital C* -algebra A, and suppose that V : G — > B(A) 
is an interaction group such that V\p = a. If (i, (B,/3,F)) is an admissible 
dilation of V, then j3 t i = iVt = ion, Vt € P. 

Proof. Note first that for t G G: FF t i = F/3 t (Fp t -ii) = Ffi t iV t -i = iV t V t -i. 
If now t E P we have V t -iat = id A , and therefore 

fti = PtiVt-iat = PtFfa-iiat = F t Fia t = FF t ia t = iV t V t -iV t = iV t . 

□ 

Theorem 2.4. Let a be an action of the Ore semigroup P by unital injective 
endomorphisms of the unital C* -algebra A, and suppose that V : G — > B(A) 
is an interaction group such that V\p = a. Then V has a minimal admis- 
sible dilation (i,T), where T = (B,f3,F) and i : A — > B is an embedding, 
which has the following universal property. If (i' , (B' , /3' , F')) is another ad- 
missible dilation of V, then there exists a unique morphism <fi : (B, f3, F) — > 
(B',f3',F f ) such that (pi = i' . Therefore the dilation (i,T) is unique up to 
isomorphism in the class of minimal and admissible dilations. 

Proof. Let i : (A, a) — > (B,f3) be the minimal dilation of (A, a) provided by 
Laca's theorem. We suppose, as we can do, that i is the natural inclusion, 
so A C B. We proceed next to define a conditional expectation F : B — > A. 
To this end note first that if r, s £ P, with r < s, and a r ,a s G A are such 
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that f3 r -i(a r ) = f3 s -x(a s ), then j3 sr -i{a r ) = a s , so a sr -i(a r ) = a s by 12.31 
Therefore 

C s (a s ) = £ s a sr -i(a r ) = V s -iV sr -i (a r ) = C s a s C r (a r ) = C r (a r ). 

Thus we may define F : (J tgP f3 t -i (A) -)• B such that F (b) = £ t (Pt(b)), 
\/b G /3 t -x(A). Since ||F (6)|| = \\Ct(j3 t {b))\\ < \\b\\, F extends uniquely to 
a bounded operator F : B — > A, which is easily seen to be positive and to 
satisfy F 2 = F and F(B) = A. Then F is a conditional expectation with 
range A. We claim that (B,f3,F) is a minimal admissible dilation of V. In 
fact, if t G G and r,s G P are such that i = r~ l s, then 

F/3 f |a = Fj3 r -ij3 r t\A = Ff3 r -ia s = C r a s = V r -iV r V r -i s = V r -i s = V t . 

Since UtepA -1 !^) i s dense in B we have that (B,f5,F) is minimal, and 
to see that it is also admissible, it is enough to check that FFt(3 r -i\A = 
FfF{3 r -i \a, Vt G G, r G P. On the one hand we have 

(2.1) FF t p r -i \ A = Fj3 t Fj3 t -i r -i \ A = V t FV t -x r -i = E t V r -i 

On the other hand, let t G G, t = u~ 1 v, u,v G P. Using Lemma 12.31 and 
recalling that E U E V = E V E U , we have 

FtF/3 r -i\A = Pu-^PvFfiv-iuVr-i = /3 u -iV v V v -i u V r -i 
= P u -xE v E u V u V r -x = P u -xE u E v V u V r -x 
( ' } = P u -xV u V u -iV v V v -xV u V r -x 

= P u -x/3 u V t V t -xV r -x = E t V r -x 

From (|2.ip and ()2.2[) we conclude that (B,{3,F) is admissible. We see 
next that (B,(3,F) has the claimed universal property. Then suppose that 
(i' , (B' , f3' , F')) is another admissible dilation of V. By Lemma 12.31 we have 
that (3'\p = i'a, and then by the universal property of the pair (B,f3) there 
exists a unique homomorphism : B — >• B' such that <fri = i' and f3' t 4> = <j>Pt 
Vt G G. In particular cf)(3 r -ii = fi'^cpi = P' r -xi', Vr G P. Thus 

F'cj)P r -xi = F'p'^i' = i'V r -x = (j)iV r -x = (j)FP r -xi, Vr G P. 

The equality (pF = F'cj) follows now from the density of U r gP Pr- 1 "^^) ^ n B 
and the continuity of the involved maps. □ 

Remark 2.5. Suppose V and V are interaction groups that extend actions 
by injective unital endomorphisms of the Ore semigroup P. Suppose as 
well that i/j : (A, V) — > (A',V r ) is a morphism of interaction groups, and 
let (i,T) and (i',T r ) be the corresponding minimal admissible dilations of 
V and V . Then (i'ip,T') is an admissible dilation of V, so there exists a 
unique morphism (f> : T — > T 1 such that (pi = i'lp. In this way we obtain 
a functor from the category of interaction groups that extend actions by 
injective unital endomorphisms of the Ore semigroup P into the category 
T>g, where G is the enveloping group of P. 

We end the section with a result concerning enveloping actions. 
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Proposition 2.6. Let V be an interaction group like in \2.4\ and let 7 be 

the partial action associated to V via \l.S\ Then 7 has an enveloping action, 
which is unique up to isomorphism. 

Proof. It follows from !2,4l and 11.81 that the action j3 provided by Theorem l2,4l 
is an enveloping action for 7. Suppose now that /?' : G x B' — > B' is another 
enveloping action for 7, where B' is a C*-algebra which contains A. To 
show that /3 and /?' are isomorphic, it is enough to show that j3' satisfies 
properties 1. and 2. of Theorem 12.21 It is clear that /3' satisfies the first 
property, so let us see that it also verifies the second one. Note that if 
t = r~ l s e G, with r,s € P, then ft(A) = P' r _ x a s {A) C ^(A). On 
the other hand, suppose r, s £ P, with r < s. Then, since sr^ 1 € P, we 
have A 5 a sr -i(A) = ftft^A), so p' s _M) 2 P' r -M). Thus C 
Ut-gp ^ ^ because P is directed by its partial order. This 

implies that B' is the closure of IJ rG p P' i(A), as we wanted to prove. □ 

3. Dilations of Exel-Renault interaction groups 

In this section we specialize to certain interaction groups occuring on 
commutative C*-algebras. More precisely, we are interested in the inter- 
action groups studied in [10J. In that work, the authors considered right 
actions 6 : P x X —■ X, where P is an Ore semigroup with enveloping 
group G, and 9t is an onto local homeomorphism of the compact Hausdorff 
space X, that is, 9t : X — >■ X is a covering map. Dualizing, 6 induces a left 
action a of P by injective unital endomorphisms of A = C(X). It is shown 
in [10] that for a to be extended to an interaction group V : G — > B(A) 
it is enough that there exists a certain map u : P x X — > [0,1], asso- 
ciated to 6. This map is called a cocycle and is determined by the fact 
that E t (a)(x) = J2e t {y)=9t{x) U} (t,y)a(y), Vt £ P, a £ A and x € X, where 
Et = VtV t -i. In this case Theorem 12.41 can be applied, so one concludes that 
the interaction groups considered by Exel and Renault in [10] have mini- 
mal admissible dilations. We mention in passing that for these interaction 
groups Theorem 12.41 could be proved by using exclusively measure-theoretic 
arguments, but we will not do it here. The aim of this section is to show 
that the minimal admissible dilations of the Exel-Renault interaction groups 
are also faithful. 

3.1. Conditional expectations on commutative C*-algebras. We be- 
gin by giving a characterization of conditional expectations from a commuta- 
tive unital C*-algebra onto a unital C*-subalgebra, suitable for our purposes. 
We also describe the transfer operators for an endomorphism induced by a 
covering map. For more information about conditional expectations we refer 
the reader to [15] and [4]. 

We fix a notation we will use until the end of the present paragraph. Let 
B = C(Z) be a unital C*-algebra and A = C(X) a unital C*-subalgebra 
of B. Note that X is homeomorphic to the quotient space of Z with respect 
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to the relation z ~ z' <^=^ a(z) = a(z'), Va G A. Let tt : Z — > X be the 
corresponding quotient map. Observe that an element a G C(X), when seen 
as an element of B, sends z G Z into a(ir(z)). Denote by P(Z) the set of 
regular Borel probability measures on Z. 

Proposition 3.1. With the above notation, let F : B — > A be a unital linear 
map. Then F is positive if and only if there exists a map fx : X — > P(Z) 
that is w* -continuous and such that 

(3.1) F(b){x) = j b(z)dfi x (z), \/beB,xeX. 

Equation (|3.ip establishes a bijective correspondence between unital positive 
linear maps F : B — > A and w* -continuous maps fi : X — > P(Z). 

Proof. Let e x : A — > C be evaluation in i G X. Then if F is positive 
e x of is a state of -B. Let [i x be the probability measure provided by the 
Riesz-Markov representation theorem, such that e x o F(b) = J z b(z)dfj, x (z), 
Mb G B. Since F(b) is a continuous function defined on X, it follows that 
x i — y fj: X is w*-continuous. Conversely, it is clear that if a tu*-continuous 
map \i : X — > P(Z) is such that F(b)(x) = J z b(z)dfi x (z), V6 G P,x G X, 
then P(6) is positive whenever b is positive. Finally, it is obvious that the 
correspondence F \-t n is one to one and onto. □ 

It is clear that in Proposition ^, 11 above A does not need to be a subalgebra 
of B. 

Example 3.2. Suppose a : B — > B is an injective unital endomorphism 
and let A := a(B). Then there exists a homeomorphism £ : X — >■ Z such 
that a(6) = bo£ £ A. Therefore a(6)(x) = b(£(x)) = J z b(z)dS^r x \, where 5 Z 
denotes the Dirac measure concentrated at z. Thus the map fi provided by 
13.11 for a is given by: fi x = 5^ x y 

Proposition 3.3. A linear map F : B — > A is an onto conditional ex- 
pectation if and only if there exists a map fj, : X — >• P(Z) such that [i is 
w* -continuous, supp(fi x ) C 7r _1 (x), Vx G X, and 

F(b)(x) = J b(z)dLi x (z),Vb eB,xeX. 

If there exists such a map \i, then it is unique, and F is faithful if and 
only if the interior of the set Z^ := {z G Z : z £ supp(fj,^r z \)} is empty. 
Consequently, if supp(fi x ) = tt~ 1 {x), Vx G X, then F is faithful. 

Proof. Suppose first that there exists such a map [i. If a G A,b G B and 
x G X: 



F{ab)(x) = I a{ir{z))b{z)dn x (z) = a(x) / b(z)dfi x (z) 
= (aF(b))(x). 
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Then F(ab) = aF{b). A similar computation shows that F{a) = a, Va G A, 
whence F is a conditional expectation. Conversely, suppose that F : B — > j4 
is a conditional expectation, and let fj, : X — > P(Z) be the map provided by 
Proposition 13.11 for the unital positive map F. Let us see that supp( / u :r ) C 
7r _1 (x). Suppose z G" ir^ 1 (x). Then n(z) ^ x, so there exist open disjoint 
sets V z and V x in X such that tt(z) G and x G V^. Let a £ i be such 
that a(X) = [0, 1], with supp(a) C V x and a(») = 1. Then, since a = -F(a), 
a(x) = 1, and supp(o o it) C 7r _1 (T4) : 

l = F(a)(x) = / aovrd/x x . = / a o Trd/x^ < /^(tt -1 ^)) < 1. 

It follows that n x (Z \ tt- 1 {V x )) = 0. Then tt -1 ^) n tt -1 ^) = 0, hence 
A*x(tt (V^)) = 0. Since ir~ 1 (V z ) is open we have that vr _1 (V z ) nsupp(/x x .) = 
0. This shows that z £ supp(/i x ) and therefore supp(/x x ) C tt^ 1 (x). 

Suppose now that there exists a non-empty open subset V of Z such 
that z G" supp(/x 7r ( 2 )), Vz G V. Let 6 G -B + be a non-zero element such that 
supp(fe) C V. Then for all x G X we have F(b)(x) = f n -i/ x \ n y b(z)dfj, x (z) = 

since 7r _1 (a;) n V D supp(fi x ) = 0. Thus F is not faithful. Conversely, if F 
is not faithful, let ^ b G -B + n ker F, and 1/ C supp(6) such that b(z) > 5, 
for some positive 5 and for all z G V. Then, if zq G V and x = vr(zo) we 
have 

= F(b)(x)= / bdfi x > ^ x .(vr _1 (x) nsupp(6)) > ^(V n 7r _1 (x)). 

This shows that zo ^ supp(/i 7r ( 2 )), Vzo G V. □ 

Corollary 3.4. Let £ : Z — > Z be an onto continuous map and a : B ^ B 
its dual map. Let A = C(X) be the range of a and it : Z — > X the canonical 
projection. Then a map C : B — > B is a transfer operator for a if and only 
if there exists a w* -continuous map v : Z — > P(Z) such that 



(3.2) C(b)(z) = / b{u)dv z {u) 

with supp(z^) C ^ l [z), \/z G Z. In this case the map v is unique. More 
precisely, if C is a transfer operator, then v z = ii^{ z ') > where /x is the map 
associated by \3.3\ to the conditional expectation aC, and z 1 is any element 

ofrHz). 

Proof. Suppose that C : B — > B is a transfer operator for a. Then F := aC 
is a conditional expectation onto A. By Proposition 13.31 we have F{b)(x) = 
J r i, > b(u)dfi x (u), for a unique w*-continuous map /i : X — > P(Z). Conse- 
quently we have F{b)(z) = ^-ii % / z \\ b(u)dfi n ^(u). Since £ is onto, for z G Z 
there exists z' such that z = £(z'). Then, as F = aC, we get: C{b)(z) = 

£(P)(£(J)) = F ( b )( z ') = / 7r -i( 7 r(2')) 6 ( n )^(^)( n ) = /{-!(*) & («) <i M»r(*')(«)» 

V6 E B, z' & ^ 1 (z). So if ^ : Z — > P(Z) is the map associated to the 
unital positive map £ on B by 13. 1( we have, for 2, z' G Z, with £(z') = z: 
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C(b)(z) = J^ 1{z) b(u)d^^ zl) (u) = J z b(u)dv z (u), and therefore v z = /*„■(*')> 
W G In particular, if £(z') = z, then: supp(z/ z ) = supp^^n C 

ir^ 1 (ir(z')) = = £ ( z )- Conversely, it is readily checked that a 

map C given by (|3.2j) for such a map v is a transfer operator for a. □ 



As an immediate consequence of the above result we have 



Corollary 3.5. Let a be as in Corollary \3.4[ Then the map C i— > aC is 

a bijective correspondence between the sets of transfer operators for a and 
conditional expectations onto a(B). Moreover aC is faithful if and only if 
so is C. 

Proof. The last assertion, which is not implied by 13.41 follows from the 
injectivity of a. □ 

When the quotient map tt : Z —■ X is a covering map we can be more 
precise: 

Corollary 3.6. Suppose that the quotient map tt : Z — > X is a covering map. 
Then a linear map F : B — )• A is an onto conditional expectation if and only 
if there exists a continuous map u : Z — )■ [0, 1] such that = 1> 

Vx G X, and F(b)(x) = J2 z e-K- 1 {x) w ( z )b{ z )i G B, x G X. In this case the 
map co is unique, and F is faithful if and only if the set w -1 (0) is nowhere 
dense. 

Proof. If x G X, then 7r _1 (x) is finite, because 7r is a local homeomorphism 
and Z is compact. Thus a map \i : X — > P(Z) such that supp( / u x ) C ir^ 1 (x) 
is nothing but a map cj : Z — > [0, 1] such that J2zew- 1 (x) u ( z ) = 1 an d fJ>x = 
^2zen- 1 (x) ^ x ^ Then, if w is continuous, /i is w*-continuous. 

Suppose conversely that \i is u>*-continuous. Fix zq G Z, and let V be an 
open neighborhood of zq on which the restriction of ir is a homeomorphism 
onto its image. Let b G C(Z) be such that supp(6) C V, and 6 = 1 on a 
neighborhood U of Zo- If £ G J7: 

= w(z)&(z) = ^ uj(z') / bd8 z > = j bdfj, n{z) 
z'er-^irO)) 

Since ti is ii>*-continuous and 7r is continuous, it follows that w also is con- 
tinuous because: 

lim w(z) = lim / brf/^) = / bdfi n{zo) = oj(z ) 
z ^ zo z ^ zo j z j z 

Note finally that if z G 7r _1 (a;), then 2 G supp(/i x ) if and only if oj(z) ^ 0. 
The proof now follows by combining the considerations above with Propo- 
sition 13.31 □ 



If, in the situation of Corollary 13.61 the map to exists and is positive, it 
follows from \15\ Proposition 2.8.9] that the associated conditional expecta- 
tion F is of index-finite type (in the sense of Watatani, |15|). and moreover 
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2i . . Then F U}1 is of index-finite type, F U2 is faithful but 



Index F(z) = l/u(z), Mz G In particular i* 1 is faithful, a fact that also fol- 
lows from 13.31 and 13.51 Conversely, if F is of index-finite type, then Index F 
is positive ( [15^ Lemma 2.3.1]) and uj(z) = 1 /Index F (z) . 

Example 3.7. Consider the covering map : S 1 — >• S 1 given by 6{z) = z 2 , 
and let a : B — > B be its dual map, where B = C(S 1 ). Then A := 
a(B) = {b G B : b(z) = b(—z), Mz G S 1 }. Consider any continuous function 
(J : [0,vr] -> [0,1] such that a/(vr) = 1 - u/(0), and let w : [0,2vr] -> [0,1] 
be the extension of u' such that u(t) = 1 — U)'(t — it), Mt G (ir,2ir]. Since 
a; is continuous and u>(0) = uj(2tt), we can look at oj as a continuous map 
from S* 1 into [0,1]. It is clear that Ylz 2 =z L0 ( z ) = 1> ^ z o £ S 11 - Therefore 
by 13.61 u defines a conditional expectation F^ . Consider the construction 
above for the following three cases: oo[(t) = oj' 2 (t) = - and uj' 3 (t) = 

/O if i € [0, f 

1 if i G 

not of index-finite type, and F^ 3 is not faithful. 

Corollary 3.8. Let £ : Z — > Z be a covering map, and let a : B — » B be its 

dual map, with range A = C(X). Then a linear map C : B — » B is a transfer 
operator for a if and only if there exists a continuous map lo : Z — > [0, 1] 
such that ^2 z&r -ir x \ = 1, Vx G X, and 

(3.3) C(b)(z) = Yl u(z')b(z'), Mz G Z. 

In this case the map u is unique. 

Proof. Since £ is a covering map if and only if so is n, and £ _1 (z) = 
ir^ 1 (ir(z)), \/z G Z, our claims follow from Corollary 13.61 Corollary 13.41 
and their proofs. □ 

3.2. Exel Renault interaction groups. Suppose again that P is an Ore 
semigroup with enveloping group G, so G = P~ 1 P, and that 6 : P x X — > X 
is a right action, where X is a compact Hausdorff space, and each 0t is a 
covering map. Then induces a left action a : P x A — >■ A, where A = C(X) 
and ctt(a) = a o t , Ma G A. Suppose in addition that V : G — > B(A) is an 
interaction group that extends a, that is, Vt = at, Mt G P. For each t £ P 
let X t be the spectrum of the C*-subalgebra A t := Vt(A), so A t = C(X t ), 
and let irt : X — > Xt be the corresponding canonical projection. Note that 
7Tt(x) = 7Tt(x') = Ot{x') and 7Tt is a local homeomorphism 

because #t is. Since E t := VtV t -i : A ^ A t is a, conditional expectation, by 
Corollary 13 . 61 there exists a unique map ut : X [0, 1] such that E t (a){x) = 
ujt(y)a(y), Ma G A, x G X. Thus associated with the family of 

e t (y)=9 t (x) 

conditional expectations {Et}teP there is a unique map uj : P x X — > [0, 1] 
such that 

Et(a)(a:) = ^ co(t,y)a(y) 

6 t (y)=e t {x) 
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Vi £ P, a £ A, x £ X. This map w is continuous and satisfies 

(3.4) w(*,y) = l, 

\/t £ P, x £ X . The map a; also satisfies i/ie cocycle property: 

(3.5) w(rs, x) = w(r, x)w(s, # s (x)), 

Vr, s € P, x € X, which reflects the fact that V s -i r -i = V s -iV r -i, Vr, s £ P. 
Moreover, due to the commutativity of the conditional expectations E s and 
E r , u also satifies the coherence property: 

(3.6) u{s,x)W r {C s x %) = u>(r,x)W s (C r x %), 

Vr, s £ P, x,y £ X, where, for S C X, we put W r (5) := SxeS w ( r ' an< ^ 
C££ = CJ n C r y , with CJ = Oj\0.{x)). 

Since V r -i is a transfer operator for ct r , r £ P, it follows by Corollary 13.81 
that V r -i(a)(x) = JZyee- 1 ^) w ( r >y) a (y)> Va £ A, x £ X. Then, as V^-iV^ = 
IdA-, Vs € P, if i = r s £ G, r, s £ P, we have: V* = F r -i s = V r -i 8 V B -iV s = 
V r -iV s V s -iV s = V r -iV s = V r -ia s . Therefore: 

(3.7) V t (a)(x)=V r -ia s (a)(x)= £ u;(r,y)a(9 s (y)), 

Va £ A, x £ X. 

We recall from [TO] the following definition: 

Definition 3.9. A continuous map u : P x X — > [0, 1], such that w(t, y) > 
V(£, y) £ P x X will be called a normalized coherent cocycle or just cocycle 
for the action 9 if it satisfies (|3.4f) , ()3.5[) and (|3,6p . 

It is proved in [101 Theorem 2.8] that every normalized coherent cocycle 
associated with 9 defines, by means of formula (|3.7|) . an interaction group 
that extends a. Such a will be called an Exel-Renault interaction group. 
Since each E% is an index-finite type conditional expectation, as observed 
after Corollary 13.61 we must have uj(t,x) = 1/Index E t (x) , \/t £ P,x £ X. 
Therefore, if r, s £ P and t = r~ 1 s, from (|3.7p we have: 

(3.8) y t (a)(x) = y r - 1 a s (a)(x)= £ 

If V and V are Exel-Renault interaction groups which extend a, for- 
mula (|3.8[) gives us a simple relation between them: in fact, if t = r~ l s £ G, 
with r,s £ P, then with obvious notation we have 



(3.9) V t (a) = V r -ia s (a) = V^-i ( ]^ a s (a)) , \/a £ A. 
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3.3. Dilations of Exel Renault interaction groups. In this final para- 
graph we will show that every Exel- Renault interaction group has a minimal 
faithful dilation. 

Let V = V w : G — > B(A) be an Exel- Renault interaction group extending 
a : P — > B(A) as in the previous paragraph. Let (B,f3,F) be the minimal 
admissible dilation of V . From properties 1. and 2. of Theorem 12.21 we 
have that B is the direct limit of copies of A with connecting maps a r 
(alternatively see the proof of this result in [12]). Then B = C(Z), where 
(Z, {q r }rep) is the inverse limit of the system ({X r = X} r£ p, {6 sr -i } e <r<s}- 
Concretely, we have Z = {z : P — > X/ z(r) = O sr -\{z{s)), Vr, s G P, r < s}, 
and q r : Z — > X given by q r (z) = z(r). The dual (right) action /3 of /3 is 
described by the following formulae. For t G P and z G Z, to compute f3tz(r) 
we choose s G P such that s > r,t. Then we have Pt z ( r ) = G sr ~i (z(st 
and /3 < T 1 z(r) = z(rt). In other words, if t G P, then q r f3t = 6 sr -iq st -i, 
Vs > r,t, and q r P^ 1 = q r t- In particular q e /3t = 9tq e - The inclusion of 
A into B is given by a h-> aq e , Va G j4. Note that Z x := q^ l {x) = {z G 
Z : z(e) = x} is the inverse limit of the system ({Z x (r)} re p, {0 sr -i} e < r < s }, 
where Z x (r) = 9^ 1 (x). 

Lemma 3.10. Let ({Y r } r ^p, {cr*} r < s ) be an inverse limit of topological 
spaces with inverse limit (Y,{p r }). Then the family V := {p~ l (V) : r G 
P,VQY r open subset} is a basis for the topology ofY. 

Proof. Let V±, . . . , V n be open subsets of Y r and n,...,r n G P. Suppose 
y G flj=i Pr^iVj)- Pick any element s G P such that s > rj, = 1, . . . , n. 
Then cr^..p s (y) = p rj (y), Vj = 1, . . . ,n. Since every of. is continuous, there 
exists an open neighborhood V oip s (y) such that af.. (V) QVj,Vj = l,...,n. 
Thus y G p^ l {V) C fXj =i p^ 1 (Vj) , which shows that V is a basis for the 
topology of Y, since it is already a sub-basis for it. □ 

We have next the main result of this section. 

Theorem 3.11. Every Exel-Renault interaction group has a minimal faith- 
ful dilation, unique up to isomorphism. 

Proof. We will use the above just introduced notation. Let (i, (B, f3, F)) 
be the minimal admissible dilation of the Exel-Renault interaction group 
V : G — > B(A), with i : A — > B the natural inclusion. By 13.31 there exists 
a unique map \i : X — > P(Z) such that F(b)(x) = j z b(z)dfi x (z), V6 G B 
and x G X, and to see that F is faithful is enough to show that the support 
of n x is exactly Z x . Observe that, since q e j3 r = 9 r q e , Vr G P, we have 
Z x = q~ 1 {x) = $ r q-\Z x {r)) = l+J^z^) k%{Z v ). Then if a G A, x G X, it 
follows that V r -i(a)(x) = F(3 r -i(a)(x) = J z aq e (f3~ 1 (z))dfi x (z). Therefore 
(3.10) 

V r -i(a)(x)= ^ L ag e (/3 r T 1 (2;))d/i :c (z) = ^ fj, x r (Z y ))a(y) 
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On the other hand, if yo £ Z x (r), then V r 1 (a)(x) = V r 1 (a)(^r(l/o)) = 

E r (a)(yo). Thus 

(3.11) 

V~ l {a){x) = E r (a)(y ) = ^ u(r,y)a(y) = ^ u(r,y)a(y) 

ye6rH0r(y o )) yez x (r) 

Comparing (I3.10P and (13. lip we see that, by the uniqueness of oj(r,y), we 
must have [i x {f3 r {Zy)) = u(r,y) > 0. Since by Lemma 13.101 the family 
{g~ 1 (y) = $r(Z y ) : r G P,y G Z x (r)} is a basis for the topology of Z x , we 
conclude that the support of fj, x is Z x , and hence F is faithful. □ 

Example 3.12. Consider the local homeomorphism 9 : S 1 — > S 1 given by 
9(x) = x 2 , and let a : A — > A be its dual map, where A = C(S 1 ). Then 
C : A —> A given by C{a){x) = \ Yl{ y - y 2 = x } a (y) is a transfer operator for a. 
It is easy to see that the cocycle u : N x S 1 — > [0, 1] associated to the 
interaction group V induced by C is given by: u(n, y) = rjt, Vn G N, y G S 1 . 
Let (i, (B, /3, F)) be the minimal dilation of V. Then B = C(Z), where the 
space Z is the solenoid: Z = {z : N ->■ S 1 / z(n) = z(n + l) 2 , Vn G N}. 
The inclusion i : ^4 — >• B is the dual map of qo ( we use the notation of 
Theorem 13.111 thus qo : Z — > S 1 is given by go (2) = -z(O)). The action /3 is 
the one determined by the shift (3(b)(z)(n) = b(z(n + 1)). Thus f3(z)(n) = 
z(n + 1), and qoft = #<Zo- To find the corresponding conditional expectation 
F : B — > A we need to describe the measures fj, x on Z x = q Q ~ 1 (x) = {z G Z : 
z(0) = x}. Note that, since every y G S 1 has exactly two roots, then for each 
n G N the set Z x (n) (= q n (Z x )) has 2 n elements, namely the roots of X 2 " —x 
in C. If y G Z x (n), then q~ (y) = /3 n (Z y ), and therefore ^ is determined 

by the fact that we must have f^x(Qn l (y)) = ^x{Pn{Z y )) = u)(n,y) = 

We will finish our work by explicitely computing the conditional expec- 
tation F on elements of a dense subalgebra of B. Consider the additive 
group Ai := {m : N — > Z/ m(/c) = Ofor all but a finite set of natural num- 
bers k}. Given m G M let 6 m G B be given by 6 m = 1 if m = and 
b m(z) = IlfcGN z(k) m( - k) ■ Then 6 m G B, b mi+m2 = b mi b m2 and b* m = b- m . 
Therefore the Stone- Weierstr ass theorem implies that the selfadjoint subal- 
gebra Bq := span{6 m : m G M} of B is dense in B. For m G let fh 
be defined as fh = 0, if m = 0, and fh = max{/c G N : m(fc) ^ 0}. Then 
it is clear that we have b m (z) = Uf=o z{m) m ^~ k = z{fh) 2 ^ £*U"»(*)/2 k . 
Note that the previous formula also works for m = 0. Therefore, if m G M 
and x G 5 1 : F(fr m )(x) = f Zx 6 m (z) ^(z) = Eyex^m) Jfe(z H ) M^) 
and therefore we have 

(3.12) F(b m )(x) = ± £ V 2 ^ m{k)/2k 

{y-y 2m =x} 

Note that F(b m ) G C(S 1 ), that is, the right hand side of equation (|3.12p is 
a continuous function of x G S . 
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